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SUMMARY 


A model has been developed t o  calculate  reactor  physics e f fec ts  i n  the 
Plum Brook Reactor core, re f lec tor ,  and t e s t  f a c i l i t i e s .  Results include ca l 
culated neutron fluxes i n  two dimensions and four energy groups and r eac t iv i ty  
of the  core with rods in ,  rods out, and a t  the  cold clean measured c r i t i c a l  
height. The calculated power d is t r ibu t ions  agree with measured values; t he  
calculated r e a c t i v i t i e s  agree with measurements t o  within 2.0-percent reac t iv
i t y  (AK/K) a t  a l l  rod posit ions.  

The prompt neutron l i fe t ime and ef fec t ive  delayed neutron f rac t ion  were 
calculated,  using the two-dimensional model, t o  be 57 microseconds and 0.00766, 
respectively.  

Spa t ia l  f lux  d is t r ibu t ions  i n  four energy groups a re  presented i n  the form 
of two-dimensional isof lux maps i n  order t o  provide the  m a x i m u m  amount of i n 
formation using a minimum of space. The re su l t s  reported here correspond t o  a 
core loading consisting of 22 f ixed elements, each having 168 grams of U-235, 
and f i v e  control rod follower elements, each having 131 grams of U-235. C u r 
r en t  operating pract ice  d ic ta tes  the  use of a mixture of new and p a r t i a l l y  de
pleted 200-gram (fixed) and 155-gram (follower) elements, which w i l l  y ie ld  a 
charge l i f e  of approximately 420 megawatt-days. Comparison calculations of 
mixed loadings have shown, however, tha t  the  unperturbed fluxes i n  the t e s t  
holes and r e f l ec to r s  d i f f e r  by l e s s  than 30 percent from the  values presented 
i n  t h i s  report .  

INTRODUCTION 

During the  i n i t i a l  design phase of the  Plum Brook Reactor (PBR) there  were 
no d i g i t a l  computer codes of the  kind now widely avai lable  f o r  reactor  calcu
la t ions .  An analog simulator w a s  used t o  perform calculations necessary fo r  
the hazards analysis of the  reactor.  These calculations were adequate fo r  the 
reactor  design, but t he  l imited capabi l i t i es  of the  simulator precluded obtain
ing information on the  e f fec ts  of control  rod posit ioning and l imited the num
ber of neutron energy groups t o  two: thermal and t o t a l  epithermal. 
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The purpose of t he  work described i n  t h i s  repor t  w a s  t o  analyze the PBR 
using an improved ca lcu la t iona l  model. This model describes control  rod e f 
f e c t s  on neutron fluxes and physics parameters and gives neutron fluxes i n  sev
e r a l  energy groups, including one group above 0.821 Mev (s ince t h i s  energy 
range i s  of spec ia l  i n t e r e s t  with respect  t o  rad ia t ion  damage). It a l s o  allows 
rap id  calculat ion of f lux  and r e a c t i v i t y  e f f ec t s  of experiments t o  be inser ted  
i n t o  the  t e s t  f a c i l i t i e s .  

This repor t  f irst  describes the  e s sen t i a l  features  of the  model and the  
supplementary calculat ions done t o  e s t ab l i sh  i t s  adequacy. This i s  followed by 
comparisons of f lux  and r e a c t i v i t y  calculat ions with avai lable  experimental 
data  and by a b r i e f  discussion of the  accuracy of t he  model i n  calculat ing r e 
a c t i v i t y  e f fec ts .  Finally,  k ine t i c s  parameters obtained from these calcula
t ions  a r e  given, and a b r i e f  der ivat ion of the  equations used t o  generate these 
parameters i s  shown i n  appendix B. The r e s u l t s  of s p a t i a l  f lux  calculat ions 
a r e  presented as i sof lux  maps i n  order t o  provide the  maximum amount of in for 
mation t o  personnel associated with the  reactor  and the  experiments f o r  the  r e 
actor .  

THE MODEL 

The TWENTY GRAND ( r e f .  1) program developed a t  Oak Ridge was  used f o r  
these calculat ions.  This method of solut ion i s  an extension of the  EQUIPOISE 
( r e f .  2 )  method and solves the  f i n i t e  difference analogs of the  neutron d i f fu
s ion equations f o r  several  geometries and few-group energy descriptions over a 
two-dimensional a r ray  of mesh points .  

Detailed drawings of the  core a re  given i n  f igures  1 and 2. The calcula
t i o n a l  representation of the  core shown i n  f igure  3 w a s  adopted for the  v e r t i 
c a l  calculations t o  be discussed i n  t h i s  section. This geometry w a s  chosen 
because the  r e f l ec to r s  and through holes (represented as squares t o  conserve 
mesh points) and the  s p a t i a l  dependence of the f lux  on shim rod posit ioning are 
t r ea t ed  expl ic i t ly .  Atom dens i t ies ,  homogenized over the  fueled core dimension 
i n  the east-west d i rec t ion  fo r  t h i s  geometry, a r e  shown i n  t ab le  I. 

A four-group energy treatment w a s  se lected fo r  these calculat ions s o  t h a t  
the  thermal and resonance regions and the  f lux above 1Mev could be well  de
fined. Although no important la rge  resonances a r e  present i n  the  PBR mate
r ia ls ,  t h i s  f l e x i b i l i t y  w a s  f e l t  necessary i n  an t ic ipa t ion  of experimental ma
t e r i a l s  having such resonances. The lower l i m i t  for the  highest  energy group 
w a s  chosen as 0.821 Mev, s ince t h i s  was t he  nearest  energy breakpoint below 
1MeV of those avai lable  i n  the  slowing-down code used t o  generate fast  cross 
sect ions ( r e f .  3). An upper l i m i t  f o r  t he  resonance region of 5.55 Kev w a s  
f e l t  t o  include s ign i f i can t  resonances i n  most materials.  Since the  core con
t a i n s  only. about 4.4 kilograms of U-235, a Maxwellian thermal treatment w a s  
adopted. The thermal cutoff used was 5Kt (0.125 ev). This se lec t ion  has been 
shown t o  give good experimental r e s u l t s  f o r  solut ion reactors  having roughly 
the  same U-235 t o  moderator atom r a t i o s  as the  PBR (ref. 3).  

Cross sections used i n  the  neutron diffusion model were obtained from a 
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space-independent 450-lethargy-group, consistent-P1, slowing-down analysis pro
grammed for  the  IBM-7090 (ref. 3). A comparison calculat ion w a s  a l s o  performed 
using the  54-group MUFT I V  code (ref. 4).  Disagreements were resolved t o  d i f 
ferences i n  measured cross-section data, which w e r e  corrected i n  favor of the  
MUF’T data s ince MUFT i s  generally avai lable  and as such can be used t o  extend 
these calculations consistently.  A one-dimensional P5 calculat ion was used 
t o  obtain fuel-plate  disadvantage factors .  The cross sections so obtained are  
tabulated i n  t ab le  11. 

The core geometry precluded any exp l i c i t  control  rod representation, since 
the  control elements a l te rna te  with fixed f u e l  elements, and when viewed from 
the  core end, as  i n  f igure  3, t he  e f f ec t  of the  rods on t he  f lux  p ro f i l e  w a s  
not immediately apparent. It w a s  assumed t h a t  the  e f f e c t  of the  control rods 
i s  predominantly absorptive, r a the r  than t o  induce leakage a t  remote boundaries 
due t o  a s p a t i a l  f l ux  rearrangement. Under t h i s  assumption, and s ince the  con
f igurat ion does not lend i tself  t o  any r e a l i s t i c  geometrical interpretat ion,  
the  presence of control rods was believed bes t  represented by a thermal poison 
cross sect ion Cpth d i s t r ibu ted  homogeneously over t he  LC row above the  rod 
height interface.  This poison cross sect ion w a s  calculated i n  the  following 
manner. 

A two-dimensional four-group diffusion theory c e l l  calculat ion was per
formed having the  geometry shown i n  f igure 4. This calculat ion simulated a 
horizontal  s l i c e  of the core above the  control rod in te r face .  The cross sec
t ions  used i n  t h i s  calculat ion were the same as those previously discussed. 
The fast absorption i n  cadmium w a s  s e t  t o  zero; t he  thermal absorption i n  cad
mium w a s  t r ea t ed  with blackness theory, by making use of t he  log-derivative 
boundary condition. A zero value of the  v e r t i c a l  buckling was employed i n  a l l  
regions. If it i s  assumed t h a t  

(with e x p l i c i t  rod) (with C
Pth

) 

where R denotes the  region representing the fueled LC row i n  the  c e l l  geom
etry,  the  induced leakage e f f ec t s  a re  ignored, and the  t o t a l  captures i n  a con
t r o l  rod  are conserved and d is t r ibu ted  over R by defining the  poison cross 
sect ion as  

C
Pth  

The numerator of t h i s  expression i s  equal t o  the  capture r a t e  i n  the  rod. By 
assuming negl igible  slowing down i n  the  cadmium, the  neutron balance fo r  the  
control rod becomes 
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This may be transformed t o  

(rod volume) (rod surface) 

Cadmium w a s  assumed t o  be black i n  t h i s  calculation; hence, 

0.4695 qth 
Dth = ( 5 )

wth 

a t  the  rod surface. Subst i tut ing t h i s  i n t o  equation (4) yields  the  following 
expression fo r  C : 

'th 

0.4695 frod surface 
9 t h  

~ ~~ 

ds 
C -

%h 

which i s  eas i ly  obtained from the  two-dimensional ce l l - f lux  solution. 

Because of the  se lec t ion  of a thermal upper l i m i t  t h a t  i s  below the  cad
mium cutoff (0.4 ev), t h e  epithermal rod absorption i s  s igni f icant .  It w a s  as
sumed t h a t  the  thermal r a t i o  of f lux t o  current was  a l so  charac te r i s t ic  of the  
epithermal in t e rva l  t o  cadmium cutoff (16.5 5 u 5 18.2) .  This allowed t h e  
epithermal rod absorptions t o  be t rea ted  as a correction t o  the  thermal Cp. A 
correction factor ,  f ,  w a s  defined as 

f = l + - ( 7 )  

" 0  

which w a s  evaluated using the  fast f l u x  spectrum of the  adjacent f u e l  region 
from the  slowing-down solut ion fo r  t h i s  material .  The Cpth generated i n  
t h i s  manner w a s  0.09717 centimeter-'. 

A one-dimensional study w a s  made of the  east-west leakage properties of 
t he  core and r e f l ec to r s  i n  order t o  obtain a transverse buckling description 
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f o r  t he  v e r t i c a l  two-dimensional calculations.  The r e s u l t s  of t h i s  study in 
dicated t h a t  a geometric buckling of 0.9954><10'3 (based on t h e  act ive core 
length plus a t o t a l  r e f l ec to r  savings of 24.44 em resu l t ing  from 3 in .  of 
beryllium and an i n f i n i t e  water r e f l ec to r )  used i n  t h e  fueled core regions, 
with zero buckling i n  nonfuel regions, s a t i s f a c t o r i l y  described the  east-west 
dimension. 

CONFIRMATION O F  THE MODEL 

There w a s  some doubt a t  first as t o  the  f e a s i b i l i t y  of using a conven
t iona l  few-group diffusion model fo r  these calculations s ince the  regions of 
main i n t e r e s t  (experimental f a c i l i t i e s )  a r e  external  t o  the  core ( f igs .  1 
and 2 ) .  Also, since the  fueled core i s  only about 9 inches th ick  i n  the  north-
south dimension, it w a s  not c lear  t h a t  an asymptotic space-independent slowing-
down model could be used t o  determine the required few-group cross sections.  
This w a s  studied by comparing fluxes from a few-group one-dimensional (north
south) calculat ion with those from a multigroup calculat ion having the  same 
geometry. 

The one-dimensional IBM 7090 program employed solves the  consistent P1 
approximation t o  the  Boltzmann t ransport  equation i n  70 le thargy groups above 
thermal, with one addi t ional  group representing the  thermal range. The group 
s t ruc ture  fo r  t h i s  calculat ion is  shown i n  tab le  111. Atom dens i t ies  were 
homogenized over each east-west row of elements i n  both the core and re f lec
tors ,  and the  t raverse  w a s  taken i n  the  north-south direct ion with rods with
drawn. 

A comparison w a s  made between the  fueled core spectrum given by t h i s  71
group space-dependent calculat ion and the  spectrum given by a 450-group space-
independent Pl solut ion such as would be used t o  obtain few-group cross sec
t ions.  Good agreement w a s  observed t o  ex i s t  ( f ig .  5 ) .  To determine whether a 
few-group approach would cor rec t ly  represent the  spectra  and the group f lux  
d is t r ibu t ions  i n  the re f lec tors ,  a one-dimensional four-group calculat ion using 
space-independent cross-sections w a s  performed having the  same charac te r i s t ics  
(geometry, mesh, boundary conditions, e tc .  ) as the  de ta i led  71-group calcula
t ion.  N o  s ign i f icant  difference could be detected, over a l l  core and r e f l ec to r  
regions, between the fluxes from the four-group calculat ion and the  equivalent 
in tegra ls  from the  71-group solution. 

In f igure  5 it can be seen t h a t  the two sa l i en t  features  of t he  fueled-
core slowing-down fluxes (shape and in tegra l )  are i n  agreement. From t h i s  it 
w a s  concluded t h a t  the  space-independent cross sections obtained from the  
slowing-down model would represent the core accurately. The agreement between 
the  71-group and the  equivalent four-group calculations i n  both core and r e 
f l e c t o r s  demonstrated the  spec t r a l  accuracy of t he  four-group approach and 
j u s t i f i e d  adopting t h i s  model f o r  use i n  the  subsequent analysis.  

A v e r t i c a l  two-dimensional calculat ion was performed t h a t  described the  
clean c r i t i c a l  configuration with shim rods numbers 1through 5 a t  15.3 inches, 
which i s  the  normal configuration f o r  reactor  s ta r tup  when the core loading i s  
approximately 4.4 kilograms of U-235 ( re f .  1). A s  addi t ional  confirmation of 
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the model, a plot of the thermal flux obtained from this calculation has been 

constructed (fig. 6). Values obtained from measurements (ref. 5) are shown 

for comparison. Figure 7 shows the calculated flux above 0.821 Mev compared to 

a measured traverse of nickel foil activations interpreted as above 1 MeV flux. 

The curves shown agree in the core and in the first two reflector rows outside 

the core. The deviation of the measured fast values from an exponential atten

uation after the first two rows is attributed to the hardening in the fast neu

tron spectrum above 1 Mev, which was not accounted for in the measurements. It 

is expected that correction of the measurements for spectral effects would tend 

to make the attenuation nearly exponential, as in the calculated traverse. 


An additional vertical calculation was performed that featured fully with

drawn control rods with natural boron in the fueled-core regions. The quantity 

(31.504 g) and distribution of boron was determined from a critical experiment 

performed for the purpose of calibrating control rods (ref. 5). The boron was 

represented in the calculation as a thermal absorber only, with calculated 

self-shielding corrections. An eigenvalue correction for the above thermal 

boron capture was derived with a change assumed only in the probability of fast 

capture escape (four-factor theory with constant leakage) and was evaluated 

with a 1/E dependence of the flux above thermal. 


In addition to the two calculations just mentioned, a vertical calculation 

with all rods out was performed for the purpose of determining the core excess 

reactivity. A summary of eigenvalues for these vertical two-dimensionalcalcu

lations is presented in the following table: 


Description of calculation 


(1)Clean critical; shim rod 

numbers 1 through 5 bank at 

15.3 in. 


(2a) Rods out critical; with 

boron 


(2b) Same as (2a) but correc

ted for fast captures in 

boron 


'(3) Rods out; no boron 


Eigenvalue 


1.0003 


1.0258 


1.0164 


1.1605 

.~. 

Measured Kerf 


1.0000 


1.0000 


1.0000 


The reactivity worth of the boron, obtained from calculations (2b) and 
(3), was 12.2-percent AK/K as compared to a value of 12.0-percent AK/K in
ferred from critical shim bank height measurements for several different boron 
loadings (ref. 5). Since the boron worth appears correct, the model without 

1control rods is presumed to be positively biased by about 1-percent in the2 
eigenvalues. This may be due to the use of zero transverse leakage in the re
flector regions. In the clean critical calculation this effect may have been 
counteracted by a slight overestimate of the control rod C value. The ade
quacy of the control rod representation, however, and the u"t1ity of the model 
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with respect to heat-transfer analysis is demonstrated by the comparison of 
calculated and measured vertical power distributions in the LD row (fig. 8 ) .  

Calculation (1)was rerun with HT-1 represented as a void using 
Wachspress's method (ref. 6). This technique represents voided tubes by a 
diffusion coefficient in all groups defined by , 

- radius of tube length of tube) - o.70d 
Dvoid - 2 bn(radius of tube 

with CA, CR, and vCF in all groups set to zero. This description, when used 
with the core BZ, correctly represents the end leakage from the voided tube, 
which would be grossly overestimated if an arbitrarily large value of D were 
to be used as would seem intuitively correct. The calculated reactivity effect 
was 0.53-percent @K/K as compared to 0.46 percent @K/K measured. 

A horizontal core calculation (geometry shown in fig. 21) vas performed

that described experiment capsules inserted in the LA-5 and LA-7 positions. A 

cell problem was used to obtain effective homogenized constants for the core 
problem. The reactivity effect was calculated to be -1.26-percent @K/K as 
compared to a measured value of -1.64-percent M / K .  

The flux comparisons together with the reactivity effects and spectrum 

properties just discussed tend to confirm the model and to substantiate the 

results. 


RESULTS 

A vertical calculation was performed with fuel shim rods 1 through 5 fully 
inserted, which gave an eigenvalue of 0.8402. The shutdown reactivity of shim 
rods 1 throkh 5 obtained from this calculation and the clean critical calcu
lation was 19.0-percent M / K .  The excess reactivity was taken to be the re
activity worth of the boron or 12.2-percent @K/K. 

Figures 9 through 12 show the spectrum from the 71-group one-dimensional 
calculation at various locations outside the fueled core. The calculated spec
trum in the LC row, characteristic of the core spectrum, is also shown on each 
plot so that departures f r o m  this may be readily assessed. The fast spectral 
hardening in the reflector, mentioned previously, is apparent from these com
parisons. 

Table IV summarizes the calculated fluxes in the test holes and at other 
points of interest in the reflector. The effect of control rods on flux dis
tribution is evident. This table may be interpreted as showing the limits of 
flux variations over one fuel charge life with a continuous, monotonic, time-
dependent variation of the point-wise flux assumed in each group. It is possi
ble to infer from this table the relative merit of several facilities, depend
ing on experimental flux level and flux variation tolerances. For exanple,
HT-1 appears to be the prime facility for larger experiments since the fluxes 
are high and the flux variation over core lifetime is small. For small experi
ments, however, it can be seen that the LA r o w  at the core midplane is prefer
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able  s ince the  f luxes are higher and the  var ia t ion  i s  only a f e w  percent. The 
RA posi t ions appear t o  be preferable t o  the  RB posi t ions f o r  t h e  same reasons. 
Similarly, a t  t he  south face of the  core, HB-4 and HEi-5 tend t o  be preferable  
t o  HB-6 i f  the  previous c r i t e r i a  alone a re  considered. 

Flux d is t r ibu t ions  by energy group fo r  t he  c r i t i c a l  (rods a t  15..3 in . )  
case and fo r  t he  "rods out with boron" case are displayed i n  f igures  13 t o  20. 
These i sof lux  maps w e r e  constructed t o  provide a readable and complete presen
t a t ion  of t he  output of the  computer calculations.  The maps w e r e  made by p lo t 
t i n g  one-dimensional d i s t r ibu t ions  from the  output. Points of equal f lux were 
then transcribed from these one-dimensional d i s t r ibu t ions  t o  the two-
dimensional i sof lux  maps. This eliminated t h e  need f o r  any interpolat ion of 
f lux  values and enabled the  calculated r e s u l t s  t o  be presented correct ly .  It 
should be noted here t h a t  these maps a r e  f o r  beryllium shim rods and regulating 
rods f u l l y  withdrawn t o  30.9 inches, while operating procedure c a l l s  fo r  one 
regulating rod a t  50-percent inser t ion  with beryllium shim rods a t  28.0 inches. 

In order t o  provide a more complete description of the  f lux  d is t r ibu t ions ,  
one horizontal  plane calculation, poisoned as i n  v e r t i c a l  calculat ion (2a)  but 
having the  geometrical layout shown i n  f igure  21, w a s  performed which i s  de
sc r ip t ive  of a v e r t i c a l  average of the  core materials.  Four group fluxes from 
t h i s  calculat ion appear i n  f igures  22 t o  25. Quarter core symmetry w a s  assumed 
fo r  t h i s  calculat ion since the i n a b i l i t y  t o  represent the  through hole (HT-1) 
exp l i c i t l y  tends t o  underestimate the f lux  gradients i n  the R l a t t i c e .  Meas
urements have shown t h a t  the fueled core f luxes a re  essent ia l ly  symmetric i n  
both east-west and north-south direct ions ( r e f .  5) .  

To provide a more complete description of the  nuclear charac te r i s t ics  of 
the  PBR, some mention m u s t  be made of the  k ine t ic  parameters of the reactor .  
By using the  perturbation theory approach derived i n  appendix By values fo r  
A, the  prompt neutron l i fe t ime,  and F, t he  e f fec t ive  delayed neutron fract ion,  
were calculated t o  be 5.7>(10-5 second and 0.00766, respectively,  (where p ab
solute  i s  0.0064). 

Detailed measurements of fo r  the  BSR-I ( r e f .  7) have given a value of 
0.00800 fo r  140-gram f u e l  elements s imilar  t o  those used i n  the  PBR (which has 
168-gram elements) but arranged i n  a five-by-five l a t t i c e .  It i s  encouraging 
t o  see t h a t  t h i s  value i s  i n  f a i r l y  good agreement with t h a t  calculated fo r  the 
PBR. The difference may be due t o  geometry; more neutrons producing f i s s ion  
experience t h e i r  moderation i n  the  r e f l ec to r s  i n  the  PBR. The calculated value 
fo r  the  F'BR w a s  fur ther  substant ia ted using an elementary four-factor model 
having t h a t  gross buckling associated with the  15.3-inch c r i t i c a l  rod bank 
height. This model gave a value of 0.00768, which, although possibly fo r tu i 
tous, tends t o  substant ia te  the more elaborately obtained r e su l t s .  

A lack  of experimental data  precludes confirmation of the calculated 
prompt neutron l i fe t ime;  however, t h e  model used i s  consistent with t h a t  used 
i n  determining E, so t h a t  it i s  reasonable t o  expect s imilar  accuracy here. 
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CONCLUDING REMARKS 

A r e l i a b l e  model fo r  calculat ing flux and r e a c t i v i t y  e f f ec t s  i n  and mound 
the  PBR core has been developed, and r e s u l t s  have been obtained t h a t  are of 
i n t e r e s t  t o  both Plum Brook personnel and t o  sponsors of experiments for  the 
Plum Brook Reactor (PBR). The information obtained agrees with r e s u l t s  of the  
low-power t e s t s  described i n  reference 5. The calculat ional  model w i l l  be a 
useful  adjunct t o  the  PBR experimental program and t o  the  mockup reactor  c r i t i -
C a l it y  measurements program. 

Lewis Research Center 
National Aeronautics and Space Administration 

Cleveland, Ohio, June 29, 1964 
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APPENDIX A 


SYMBOLS 


A four group diffusion matrix 


A* . four group adjoint coefficient matrix 

a power normalization factor 

B$ geometric buckling transverse to dimensions solved 


‘3 concentration of precursors *om which jthgroup of delayed neutrons 

arise 


D diffusion coefficient 


E energy 


F diffusion space flux vector 


f correction factor to account for fast cadmium absorption 


nonfission matrix 


Tc transposed nonfission matrix 

J fission matrix 


P transposed fission matrix 

K multiplication constant 


AK change in multiplication constant 

Kex excess multiplication, Keff - 1 
Kt energy of 2200 m/s neutrons, 0.025 ev 


P asymptotic prompt period 


P1,P5 spherical harmonics approximations to Boltzman transport equation 


R region representing fueled LC row in cell geometry 

r position vector denoting space dependence 

ds differential surface vector 
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source of neutrons t o  i t h  group 

volume of both reactor  and r e f l ec to r s  

time-depeqdent p a r t  of f l ux  

time 

U lethargy 

v volume 

ve loc i ty  of neutrons 

P measured delayed neutron f rac t ion  
-
P ef fec t ive  delayed neutron f rac t ion  

f rac t ion  of t o t a l  number of f i s s ion  neutrons t h a t  a re  delayed 
neutrons belonging t o  jth group 

6 var ia t ion  operator f o r  constant time 

number of neutrons having lethargy u i n  i n t e rva l  du about u 

A prompt neutron l i f e t ime  

A steady-state eigenvalue of.unperturbed diffusion calculation 

i inverse of prompt period 

decay constant for jth delayed neutron group 

average number of neutrons released per f i s s ion  

macroscopic f i s s ion  cross sect ion 

r eac t iv i ty  

macroscopic absorption cross sect ion 

macroscopic removal (by scat ter ing)  cross sect ion 

macroscopic thermal absorption cross sect ion of control rod 

c homogeneous macroscopic thermal poison cross section used t o  
P th  represent control  rods 

four group f l u x  vector 

cp neutron f l u x  

11 




cp(E) neutron f lux as function of energy 


cp(u) neutron f lux  as function of lethargy 


9th Maxwellian thermal f lux  


X i  f rac t ion  of f i s s i o n  neutrons born i n t o  i t h  energy group 


r four group ad jo in t  f l ux  vector 


Subscripts: 


eff e f fec t ive  


i 

j 

M 

t h  

0 

index denoting energy f lux  group 1, 2, 3, or 4 


index denoting delayed neutron group 1, 2, 3, 4, 5, o r  6 


Maxwellian 


thermal 


denotes steady s t a t e  
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APPENDIX B 

DERIVATION OF THE KWETICS PAlUMEERS 

-To generate the  prompt neutron l i fe t ime A and the  e f fec t ive  delayed 
neutron f r ac t ion  p, a perturbation theory analysis w a s  used t h a t  employs
fluxes and adjoint  f luxes from the  two-dimensional c r i t i c a l i t y  calculat ion 
having rods a t  15.3 inches. 

The prompt neutron l i fe t ime i s  derived i n  the  following manner. The 
space- and time-dependent diffusion equations for  any energy group i a re  
wri t ten 

It can be shown ( r e f .  8) t h a t  

Inherent i n  t h i s  expression a re  the  assumptions of a unique eigenfunction solu
t ion  and space-time separabi l i ty  of t he  flux, s t a t ed  mathematically as 

cP+,t) = rp+)Ti(t) 033) 

Subst i tut ing t h i s  f l ux  form i n t o  the  diffusion equations j u s t  given and observ
ing t h a t  

y ie lds  

If the  reactor  i s  on an asymptotic prompt period P the inverse of this period 
i s  a constant, which will be defined herein as 

This t e r m  can be transposed t o  the  l e f t  s ide  of the  revised diffusion equa
t ion  (B5) so t h a t  it appears as an addi t ional  absorption. Then 

13 




t h e  solut ion of which m a y  be obtained by a steady-state analysis.  The eigen
value corresponding t o  t h i s  s lu t ion  w i l l  be the  mult ipl icat ion after some 
a rb i t r a ry  absorber equal t o  $/Ti i s  inser ted.  

This perturbation was made over the  core and a l l  re f lec tors ,  s ince neu
trons i n  the  r e f l ec to r s  have a f i n i t e  probabi l i ty  of returning t o  the  core and 
thus a f fec t  the  averaging of t h e  prompt neutron l i fe t ime.  The l i fe t ime is re
l a t e d  t o  the perturbed and unperturbed calculations by 

The prompt neutron l i fe t ime i s  obtained by calculat ing AK/K from c r i t i c a l i t y  
fo r  a given f/vi i n  each group. This w a s  handled using perturbation theory, 
where the  r e a c t i v i t y  change i s  given by 

where 9 denotes the  volume of both reactor  and re f lec tors .  This form a r i se s  
from an arrangement of the  group diffbsion equations with a l l  nonfission terms 
wri t ten on the  l e f t  and a l l  the  f i s s ion  source terms (groups 1 and 2 only) 
wri t ten on the  r igh t .  Their matrix form i s  then 

where J and I a re  the  f i s s ion  and nonfission matrices. m e  terms DO and 
a r e  those f lux  and adjoint  f l ux  vectors t h a t  a re  obtained from the  unper

turbed steady-state flux and adjoint  f l ux  solutions,  the  adjoints  being the  
f lux solutions i n  the  same geometry but defined by 

where I? and P a re  the  transposed matrices of I and J. In  t h i s  case 
6 J  i s  a n u l l  matrix since no perturbation was  made t o  the  f i s s ion  source, 
while 61  i s  a diagonal perturbation matrix, having as elements the  x/Yi  i n  
each group. As can be seen from equations (B8) and (B9), t h e  calculat ion is  
independent of f i ,  which i n  t h i s  case w a s  conveniently chosen as 1.0, s o  t h a t  
A = M / K .  The Ti (average veloci ty  of t he  neutrons i n  the  i t h  group) were 
calculated from the  slowing down solut ion for  t he  core materials using 

14 




-
v i  = 

fo r  t he  fast groups and 7~ f o r  t h e  thermal group. Assuming the  same group 
average ve loc i t ies  t o  preva i l  outside the  core tends t o  be conservative because 
it decreases the  calculated prompt neutron l i fe t ime s l igh t ly .  The magnitude of 
the  flux-adjoint product i n t eg ra l s  i n  the  r e f l ec to r  indicated, however, t h a t  
exploration of t he  uncertainty s o  introduced was unnecessary. 

-
The r a t i o  of t he  e f fec t ive  delayed neutron f rac t ion  p t o  t h e  t o t a l  

measured delayed neutron f rac t ion ,  commonly referred-to as p, w a s  obtained 
using a s imilar  technique. The functional form of p w a s  obtained from the  
f i rs t  k ine t ics  equation (B21) as derived from perturbation considerations. A 
b r i e f  out l ine of t h i s  procedure, intended only t o  provide continuity of argu
ment, i s  given here. For a more expansive discussion of the  manipulations out
l ined, reference 9 i s  one of t he  more au thor i ta t ive  t r e a t i s e s  i n  t h i s  area. 

The four-group diffusion equations fo r  steady-state c r i t i c a l i t y  a re  
wri t ten 

A& = 0 

where = Io - vJo. In  order t o  account for  delayed neutrons ( a l l  born i n t o  
the  second group), t he  second-group equation i s  writ ten,  neglecting f lux  argu
ments, as 

4 

where X2 i s  the  second-group f i s s ion  in tegra l .  The ad jo in t  equations, ob
tained by taking the  transpose of 4, a re  described by 

If the  reactor  experiences a change i n  composition such t h a t  one o r  more of t he  
elements of i s  changed, t he  defining equation i s  

15 




dT 

where the  zero subscr ipt  has been dropped t o  denote departure from steady 
s t a t e .  Now the  perturbed equations a re  multiplied by the  steady-state adjoint  
f luxes and the  steady-state adjoint  equations by the  perturbed fluxes and then 
the  l a t t e r  a r e  subtracted from the  former and the  result i s  integrated over the  
reactor  volume. Symbolically t h i s  i s  wr i t ten  

Asswning time-space separabi l i ty  of the  f lux  results i n  

T i ( r , t )  = T i ( r ) T i ( t )  

The time-dependent p a r t  of t he  f lux  T i ( t )  i s  chosen the  
and will be described here using conventional notation as  
t he  diffusion space f lux  vector by 

a l l o w s  equation (B17) t o  be wri t ten as 

t he  second t e r m  on the  l e f t  being zero by equation (B15). 
indicated operations yields  a complicated expression t h a t  

-as the  f i rs t  k ine t ics  equation 

d t  A- =  P-P, - x h j c j  4 0 

3 
-

where the  term recognized as  j.3 i s  

same fo r  a l l  groups 
T i ( t )  = T. Denoting 

Carrying out the  
can be interpreted 

(B21) 
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J R  i=l 

The prompt neutron l i f e t ime  A obtained as indicated i s  iden t i ca l  i n  form 
t o  the expression derived by the  d i r ec t  l/Ti perturbation method and, hence, 
can be considered consistent i n  derivation with p. The form of the  other 
terms i n  equation (B21) are  of no immediate in t e re s t .  

17 
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sition 
Hydrogen Oxygen Aluminum Beryllium Uranium Iron 

235 238 


1.0195~lO~~
1 I .  0390~lO~~ 
2 .0368 .Ole4 
3 .00634 .00317 
4 .0529 .0265 
5 .0482 .0241 

6 .0313 ,0156 
7 .0468 .0234 
8 .0230 .0115 
9 .0421 .0211 
10 .0074 .0037 

11 .0194 .0097 
12 .0161 .0080 
13 ,0669 .0334 
14 .0067 .0033 
15 .0057 .0028 

1 6  .0294 ,0147 
17 .0442 .0221 
18 .0406 .0203 
19 .0420 .0210 
20 .0391 .0196 
21 .0351 .0176 

chromium Nickel Carbon 



-------- 

- - - - - - - - 
- - - - - - - - 
- - - - - - - - 
- - - - - - - - 

- - - - - - - - - - - - - - - 

coef f ic ien t ,  

-- 
- - - - - - - - 
- - - - - - - - 
- - - - - - - - 
- - - - - - - - - - - - - - - - 
- - - - - - - - - - - - - - - - 
- - - - - - - - - - - - - - - - 
- - - - - - - - - - - - - - - - - - - - - - - 

- - - - - - - - - - - - - - - - - - - - - - - - 
- - - - - - - - - - - - - - - - 
- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - 
- - - - - - - - 
- - - - - - - - 

- - - - - - - - - - - - - - - - - - - - - - - - 
- - - - - - - 
- - - - - - - - - - - - - - - 

- - - - - - - - - - - - - - - - - - - - - - - - 
- - - - - - - - 
- - - - - - - 

- - - - - - - - - - - - - - - - - - - - - - - 
- - - - - - - - 
- - - - - - - - 

- - - - - - - - - - - - - - - - - - - - - 

* 
N

0 TABLE 11. - SUMMARY OF CONSTANTS AVERAGED OVER COMPOSITIONS SHOWN I N  FIGURES 3 AND 21 


Compo- Group Diffusion Macroscopic Macroscopic roup! D i f f r i o n  
s i t i o n  Icoef fFien t ,  absorption removal f i s s i o n  s i t i o n  absorption removal f i s s i o n  

cross sect ion,  cross  sect ion,  sross sect ion,  
CA CR VZF 

0,070869 1 1 2.637846 
1.258146 .000312 .OB7404 1.582554 

.011452 E ~ 1.642761 

.131939 4 .545151 

2 	 1 ~ 2.365684 ’ 0.000484 0.067934 2.133330 
2 1.276812 .000286 .082587 ~ 1.105613 
3 .931102 .006995 3 .591455 
4 .250867 .072437 1 .068585 

4 1 .149612 

3 1 1.993934 0.004391 0.050958 1 ” 1.991029 
2 .I518326 .000001 .038289 2 .619149 
3 .493531 .000258 .025159 3 .493390 
4 .357731 .002882 4 .355280 

4 1 
2 

2.229918 
1.168683 

0.000441 
.000035 

0.088916 
.118005 

15 1 
2 

1.997218 
.614530 

3 
4 

,710806 
.le6473 

.001536 

.OM153 
, ,103657 

- 3 
4 

.492687 

.363748 
.___-

5 	 1 2.079867 0.000467 0.087035 16 1 2.006028 

2 1.138863 .000096 .lo7538 2 .975008 

3 .612887 .004015 .092907 3 .629348 

4 .187098 a.047944 4 .253270 

6 1 1.819665 0.001131 0.075089 17 1 2.077556 0.000444 0.081940 
2 .970001 .000184 .073694 2 1.137234 .000101 .098870 

-3 .503652 .007068 .059677 3 .660529 .003678 .OB5230 
4 .216505 ’. 086501 4 .203522 .043925 

~~ . ~ _ _ _  
7 	 1 2.261596 0.000416 0.081356 18 1 1.775590 0.000583 0.084939 0.000167 


2 1.197460 .000052 ,104609 2 1.043199 .000306 .089807 .000220 

3 .767999 .001659 .091547 3 .499444 .010371 .073231 .004929 

4 .207937 .019639 4 .le5184 .123151 .OS7726 


.____
8 1 3.617377 0.000242 0.044272 19 1 2.123732 0.000494 0.078944 0.000169 

2 1.978100 .000059 .052393 2 1.179375 .000217 .092382 .000220 
3 1.283077 .001701 .045143 , - --_____ 3 .670403 .006605 .077559 .004995 
4 .389664~- .020323 4 .20763? a.074534 .057726 

.___ 
9 1 2.327139 0.000385 0.074838 - 20 1 2.318563 0.000410 0.071656 0.000132 

2 1.239180 .000057 .094290 - 2 1.255749 .000149 .OB6199 .000172 
3 .E49066 
4 .231106 

~-
.001430 
.016932 

.082402 3 
4 

.e98098 

.243430 
.003581 
.038636 

.073309 .003933 
.045196 .____ 

10 	 1 1.988216 0.004347 0.052003 21 1 2.376778 0.000452 0.065982 0.000302 
2 .622923 .000001 .040007 - 2 1.300337 .000263 .077201 .000393 
3 .494339 .000281 .026852 ’ ----____ 3 .973256 .006253 .063607 .008799 
4 .349836 .003151 - 4 .273858 .065979 .lo2843 

~ ~ 

11 1 1.634896 0.000567 0.063980 
2 1.035557 .000369 .044880 
3 .439890 .011889 .031834 , 
4 .235532~- .159501 - - -

. ~ 
dR ED, corrected f o r  f a s t  absorption, of 0.09717 was added t o  these values. 



TABLE 111. - LETHARGY GROUP STRUCTURE USED IN 71-GROUP 

ONE-DIMENS IONAL CALCULATION 

[Zero lethargy i s  defined as 10 Mev.] 

Z r  oup Lethargy &=gY :roup Lethargy Energy 
I:eakpoint reakpoint reakpoint reakpoint 

_______ 

12 50 

1 0.25 7.79 Mev 37 9.25 
2 .50 6.07 38 9.50 
3 .75 4.72 39 9.75 
4 1.00 3.68 40 10.00 
5 1.25 2.87 41 10.25 

6 1.50 2.23 42 10-50 
7 1.75 1.74 43 10.75 
8 2.00 1.35 44 11.00 
9 2.25 1.05 45 11.25 
10 2.50 * 821 46 11.50 

11 2.75 .639 47 11.75 
12 3.00 .498 48 12.00 
13 3.25 .388 49 12.25 
14 3.50 .302 50 
15 3.75 .235 51 12.75 

16 4.00 ,183 52 13.00 
17 4.25 -143 53 13.25 
18 4.50 .111 54 13.50 
19 4.75 16.5 Kev 55 13.75 
20 5-00 i7.4 56 14.00 

21 5.25 i2.5 57 14.25 
22 5.50 :o.9 58 14.50 
23 5.75 il.8 59 14.76 
24 6.00 i4.8 60 15.00 
25 6.25 -91 3 61 95.26 

26 6.50 -5.0 62 15.50 
27 6.75 -1.7 63 15.76 
28 7.00 9.12 64 16.00 
29 7.25 7.10 65 16.30 
30* 7.50 5.53 66 16.60 

31 7.75 4.31 67 17.00 
32 . 8.00 3.36 68 17.30 
33 8.25 2.61 69 17.60 
34 8.50 2-04  70 18.2 
35 8.75 1.59 71 19.8 
36 9.00 1-23 (thermal 

spike) 

0.961 Kev 
.749 
.583 
.454 
.354 

.275 


.215 


.167 


.130 


.101 

78.9 ev 
51.4 
L7.9 
37.3 
!9.0 

!2.6 

L7.6 

L3.7 

LO.7 

8.32 


6.48 

5.04 

3.88 

3.06 

2.35 


1.86 

1.43 

1.13 

.827 

.611 


.410 


.305 


.224 


.125 


.0253 
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I . I I I  I I 

'I1ABLE IV. - LIMITS OF FLUX VARIATION AT SEKEBAL 3ZXPEBIMENTAL LOCATIONS 

[These values have been taken from the  v e r t i c a l  calculat ion hav
ing shim rods a t  15.35 in .  and t h e  "rods out" calculat ion con
taining boron. The fluxes shown have been normalized t o  60 mw 
and are s p a t i a l  averages over the  fueled core length i n  the  
e a s t- w e s t  dimension. 1 

- .  . 

Position 

-

Axis of HT-1 

Axis of HT-2 

Center of LA row a t  
elevation of core 
horizontal  midplane 

Center of RA row 3 in .  
from top of re f lec tor  
g r i d  

Center of FB row 3 in. 
from top of r e f l e c t o r  
gr id  

Center of RC.row 3 in .  
from top of r e f l e c t o r  
g r i d  

Center of RD row a t  e le 
vation of core hori
zontal midplane 

1
1~in.  north of LA row 

i n  water a t  elevation 
of HB-1 
I1% in. south of re f lec
t o r  l a t t i c e  i n  water 
a t  elevation of KB-4 
1
1~in .  south of re f lec

t o r  l a t t i c e  i n  water 
a t  elevation of HB-6 

.. 

Indi- Neutron f l u x  (ithgroup) 

cated 

Shim Tl, 929 q39 

bank >0.821 0.821 Me\ 5.5 kev 


height Mev t o  t o  
in .  5.5 kev 0.125 ex 

.. . 

"15.35 1.5X101' 1.8X1Ol3 


'30.90 1.3X101' 1.5~10~~ 


15.35 1.9xlo12 2I2X1012 

30.90 3.5X1012 1.7 X l O l 2  

15.35 1.7~10~~ 
2.5~10~~ 

2.9~10~~ 
30.90 1.9~101~ 


15.35 1.3~lO~~ 
2.3~10~~ 

30.90 2.9X1Ol3 


15.35 2.3XlOl2 

30.90 5.ox1012 


15.35 4Ioxloll 
30.90 9.Oxloll 

15.35 1.6x1011 

30.90 1.7X1011 


15.35 3. 4X1Ol2 

30.90 1. 7x1Ol3 


15.35 2.7Xl&O 
30.90 ? . O x l O ~ O  

15.35 1.CD(1010 

30.90 1.9X1010 

5. 


4.7X1Ol2 

1.~ 0 1 3  


8.8x1011 

1.ax1012 


3.lXlO1' 

3.4X1011 


1.2~1013 

2.1~101~ 


3.7X1010 

2.  7X1010 

1.4X1O1O 

2 .  6X1010 

.. ~ 

a15.35 corresponds t o  clean c r i t i c a l ;  30.90 denotes end of l i fe .  
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Figure 1. - Horizontal plan view of Plum Brook Reactor core, reflectors, and experimental test holes. 



--- 

I 
@ of 9' diam. pressure  v e s s e l  

-Bottom of 
v-1,2

See sec A-A, 
of f i g .  1. 

21' 


ed core)-! 

O r i f i c e  p l a t e  7 

Shim rods @ tr :p
Figure 2. - V e r t i c a l  s e c t i o n  of  P lum Brook Reactor core, r e f l e c t o r s ,  and experimental  t e s t  holes  (cutaway 

a t  N-S core v e r t i c a l  midplane). 
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4 4 

+North 

h
30.000 -4.000 3 .  OOC 18.380 24.000-

v uI A 

V4m (11) 4.250 

cB 111.750
Composition

numbering of 

LC-row w i t h  

rods wi th- 7.939 

dra 18.648 T 1 1 

LA and 

core 
box 4.074 ' I 

24.000 


HT-2 

12.051
- 10.413 


- 5.938 


N Figure 3.. - Geometrical layout of v e r t i c a l  plane ca lcu la t ions .  All dimensions are given i n  inches; (x)  denotes 
cn material composition; shaded a reas  denote presence of rods. 



bTyFueled core 

r ABeryllium plus  water 

q l '  = 0 

Core Core 
box 

R l a t t i c e  Water 

1.000 


3.000 3.000 3.000 3.000 17.380 24.00 
--e De\

/ \ 
/ \ 

CadmiumJ LWater 
+North 

cp'  = 0 

Figure 4. - Cell  representation of core and r e f l ec to r s .  A l l  dimensions a re  i n  inches. 
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Figure 5. - Comparison of 450-group t o  71-group flux solutions for fueled core 
material. Normalized t o  60 megawatts, 4 . 8 0 6 ~ 1 0 ~ ~ .  
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A Measured 4 in .  below core horizontal midplane,
3 in .  east  of north-south ver t ica l  midplane 

I Calculated 3.55 in .  below core horizontal midplane
beginning of l i f e ;  rods a t  15.3 in .  

20x106 

I 

Core 
box 

AI I B I L- I L D 1 1Latt ice  pieceI - *  I RC IRDI 
Figure 6. - Comparison of measured and calculated thermal flux. North-south 

traverse; calculated flux depression due t o  water f i l l e d  through hole;
experimental uncertainty i s  220 percent a t  90-percent confidence. 
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Fi ure 7 .  - Comparison of measured and calculated fas t  f lux  
&>0.821 Mev); north-south traverse. 
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Figure 9. - Lethargy f lux  spectrum at 32.5 inches north of fueled core Vertical midplane. Normalized to 60 megawatts of reactor power. 
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Figure 11. - Lethargy flux spectrum at 15.1 inches south of fueled core vertical midplane. Normalized to 60 megawatts of reactor power. 
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Figure 13. - V e r t i c a l  c a l c u l a t i o n  of  group 1 f l u x  d i s t r i b u t i o n .  Normalized t o  60 megawatts of core power; c o n t r o l  rods a t  
15.3 inches.  
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Figure 14. - Vertical calculation of group 2 flux distribution. Normalized to 60 megawatts of core power; control rods at 
15.3 inches. 



Figure 15. - V e r t i c a l  c a l c u l a t i o n  of group 3 flux d i s t r i b u t i o n .  Normalized t o  60 megawatts of core  power; c o n t r o l  rods a t  
15.3 inches.  
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Figure 16. - V e r t i c a l  c a l c u l a t i o n  of thermal  flux d i s t r i b u t i o n .  Normalized t o  60 megawatts of core  power; c o n t r o l  rods at 
15.3 Inches. 
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Figure 18. - Vertical calculation of group 2 flux distribution. Normalized to 60 megawatts of reactor power; control rods 
out. 



Figure 19.  - V e r t i c a l  c a l c u l a t i o n  of group 3 f l u x  d i s t r i b u t i o n .  Normalized t o  60 megawatts of r e a c t o r  power; c o n t r o l  rods  
out .  



Figure  20. - V e r t i c a l  c a l c u l a t i o n  of thermal f l u x  d i s t r i b u t i o n .  Normalized t o  60 megawatts of co re  power; c o n t r o l  rods  
o u t .  
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Figure 22. - Horizontal calculation of group 1 flux. Normalized to 60 megawatt6 of core power. 
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Figure 23. - Horizontal calculation of group 2 flux. Normalized t o  60 megawatts of core power. 
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F i g u r e  24. - H o r i z o n t a l  c a l c u l a t i o n  of group 3 flux. Normalized t o  60 megawatts of c o r e  power. 
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Figure 25. - Horizontal calculation of thermal flux. Normalized to 60 megawatts of core power. 
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